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ABSTRACT
A mathematical analysis of the governing equations of triply diffusive viscoelastic fluid layer
with one of the components as heat with diffusivity k', prescribes upper limit for the complex
growth rate of oscillatory motions of neutral or growing amplitude in such a manner that it
naturally culminates in sufficient conditions precluding the non- existence of such motions .
Further, the results derived herein are uniformly valid for quite general nature of bounding
surfaces.
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1. INTRODUCTION
Thermohaline convection or more generally double diffusive convection has matured into a
subject possessing fundamental departure from its counterpart, namely single diffusive
convection, and is of direct relevance in the fields of oceanography, astrophysics, limnology and
chemical engineering etc. For a broad and a recent view of the subject one may be referred to
Brandt and Fernando [1]. Two fundamental configurations have been studied in the context of
thermohaline instability problem, the first one by Stern [2] wherein the temperature gradient is
stabilizing and the concentration gradient is destabilizing and the second one by Veronis [3]
wherein the gradient is destabilizing and the concentration gradient is stabilizing. The main
results derived by Stern and Veronis for their respective configurations are that both allow the
occurrence of a stationary pattern of motions or oscillatory motions of growing amplitude
provided the destabilizing concentration gradient or the temperature gradient is sufficiently large.
However, stationary pattern of motion is the preferred mode of setting in of instability in case of
Stern’s configuration whereas oscillatory motions of growing amplitude are preferred in
Veronis’ configuration. More complicated double-diffusive phenomenon appears if the
destabilizing thermal/concentration gradient is opposed by the effect of magnetic field or
rotation.
The derivation of upper limits for the linear growth rate of a disturbance in thermohaline

convection problems is an important problem especially when both the boundaries are not
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dynamically free so that exact solutions in closed form are not obtainable and one has to depend
on numerical solutions which are rather laborious. In this situation, derivation of certain integrals
estimates acquire great importance, for, they enable us to obtain sufficient conditions of stability
and define a possible range of parameters for growing perturbations in case of instability. For
further study one may be referred to Banerjee et al. [4] and Gupta et al. [5]. Mohan and Anjula
[6] derived upper limits for the complex growth rate of an arbitrary oscillatory perturbation
which may be neutral or unstable for Veronis’ and Stern’s thermohaline configurations which
in particular yield sufficient conditions for the validity of “principle of exchange of stabilities”
for these configurations and their results are uniformly valid for all combinations of dynamically
free or rigid boundaries .Mohan [7] investigated the problem of thermohaline convection coupled
with cross-diffusions for the Veronis type configuration and derived a semi-circle theorem that
prescribed upper limits for the complex growth rate of oscillatory motions of neutral or growing
amplitude in such a manner that it naturally culminates in sufficient conditions precluding the
non- existence of such motions.

All the above researchers have considered the case of two component systems.
However, it has been recognized later on by Griffiths [8], Turner [9] that there are many
situations wherein more than two components are present. Examples of such multiple diffusive
convection fluid systems include the solidification of molten alloys, geothermally heated lakes,
magmas and their laboratory models and sea water. Griffith [8], Pearlstein et al. [10] and Lopez
[11] have theoretically studied the onset of convection in a horizontal layer, of infinite extension
of a triply diffusive fluid (where the density depends on three independently diffusing agencies
with different diffusivities). These researchers found that small concentrations of a third
component with a smaller diffusivity can have a significant effect upon the nature of diffusive
instabilities and oscillatory and direct salt finger modes are simultaneously unstable under a wide
range of conditions, when the density gradients due to components with the greatest and smallest
diffusivity are of same signs .Some fundamental differences between the double and triply
convection are noticed by these researchers diffusive. Among these differences, one is that if the
gradients of two of the stratifying agencies are held fixed ,then three critical values of the
Rayleigh number of the third agency are sometimes required to specify the linear stability
criteria(only one critical number is required in double diffusive convection ) . Another difference

is that the onset of convection may occur via a quassiperiodic bifurcation from the motionless
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basic state. Terrones [12] studied the effect of cross-diffusion on the stability criteria in a triply
diffusive system. Ryzhkov and Shevtsova [13] studied the case of multicomonent mixture with
application to thermogravitational column. Ryzhkov and Shevtsova [14] also studied the
longwave instability of a multicomponent fluid with Soret effect. Rionero [15] studied a triply
convective diffusive fluid mixture saturating a porous horizontal layer, heated from below and
salted from above and obtained sufficient conditions for inhibiting the onset of convection and
guaranteeing the global nonlinear stability of the thermal conduction solution. Rionero [16] also
investigated the multicomponent diffusive convection in porous layer for the more general case
when heated from below and salted by m salts partly from above and partly from below. Zhao,
Wang and Zhang [17] investigated the problem of triply diffusive convection in Maxwell fluid
saturated porous layer and obtained the criterion for the onset of stationary and oscillatory
convection. Shivkumara and Kumar [18] investigated the bifurcation analysis of a triply
diffusive coupled stress fluid in terms of a simplified model consisting of seven nonlinear
ordinary differential equations. Shivkumara and Kumar [19] have studied the linear and weakly

nonlinear triple diffusive convection in a couple stress fluid layer.

In all the above studies, the fluid has been considered to be Newtonian. However, with the
growing importance of non-Newtonian fluids in modern technology and industries, the
investigations on such fluids are desirable. The Rivlin-Ericksen [11] fluid is such fluid. Many
research workers have paid their attention towards the study of Rivlin-Ericksen fluid. Johri [12]
has discussed the viscoelastic Rivlin-Ericksen incompressible fluid under time dependent
pressure gradient. Sisodia and Gupta [13] and Srivastava and Singh [14] have studied the
unsteady flow of a dusty elastico-viscous Rivlin-Ericksen fluid through channel of different
cross-sections in the presence of the time dependent pressure gradient. Sharma and Kumar [15]
have studied the thermal instability of a layer of Rivlin-Ericksen elastico-viscous fluid acted on
by a uniform rotation and found that rotation has a stabilizing effect and introduces oscillatory
modes in the system. Sharma and Kumar [16] have studied the thermal instability in Rivlin-

Ericksen elastico-viscous fluid in hydromagnetics.

Motivated by these considerations, the present paper derives semi-circle theorems that prescribe

upper limits for the complex growth rate of oscillatory motions of neutral or growing amplitude
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in such a manner that it naturally culminates in sufficient conditions precluding the non-
existence of such motions in a triply diffusive viscoelastic fluid layer with one of the components
as heat with diffusivity x . Further, the results derived herein are uniformly valid for quite

general nature of bounding surfaces.

2. MATHEMATICAL FORMULATION AND ANALYSIS
A viscous and finitely heat conducting Boussinesq fluid is statically confined between two
horizontal boundaries z=0 and z=d of infinite horizontal extension and finite vertical depth which

are respectively maintained at uniform temperatures T, and T,(T;, >7,) and uniform
concentrations S, S,, and S;,(<S,0),5,, (< Sy) -

Following Griffiths [8] and Banerjee et al. [4], the relevant governing equations and boundary

conditions for the triply diffusive convection in their non-dimensional form are given by:

(p* - az)((Dz —d?)- g(l - F)jw =R, a*0-Rd’4 — R'd’p, | @.1)
(D2 —-a’ —p)H:—w , (2.2)
(DZ —d? —Tﬁj¢l =—Tﬁ, 2.3)
1 1
(Dz —q’ _Tﬁ}zsz - —TK, (24)
2 2

together with the boundary conditions
w=0=0=¢,=¢,=Dw atz=0andz=1 (2.5)
(both boundaries rigid)
or w=0=0=g¢=¢,=D*w atz=0andz=1 (2.6)
(both boundaries dynamically free)
or w=0=0=¢=¢,=Dw atz=0
and w=0=6, =¢, =¢=D*w at z=1. (2.7)

(lower boundary rigid and upper boundary dynamically free)

Volume 25, Issue 3, 2025 PAGE NO: 133



Bulletin For Technology And History Journal Issn No : 0391-6715

or w=0=0=¢=¢,=D*w atz=0
and w=0=6, =¢, =¢=Dw atz=I. (2.8)
(lower boundary free and upper boundary dynamically rigid)

The meanings of symbols from physical point of view are as follows;

z is the vertical coordinate, D Ed—ls differentiation along the vertical direction, a’ is
Z

square of horizontal wave number, ¢ > 0 is the Prandtl number, 7, > 0andz, > 0 are the Lewis
numbers  for the two  concentrations  Syand S, respectively, R, is  the
thermal Rayleigh number, Rgand R} are the concentration Rayleigh numbers for the two concen

tration components, p = p; + ip; is complex growth rate such that p; and p; are real constants, w is
the vertical velocity, 0 is the temperature, ¢ and ¢, are the respective concentrations of the two

components.

We now prove the following theorem:

Theorem 1: If (p, w,0,¢), p=pr+1pi, pr =0 p, # 0 is a non -trivial solution of equations (2.1)—
(2.4) together with one of the boundary conditions (2.5)-(2.8) with,R, >0, R; >0 R';>0,

F<1, then

R,oNM* —1

|p|< 27[2({ T, +7, }(1—F>+20‘) ’

8R,0

h M= .
e 277°( 1, +1, NI-F)+20)

Proof: Multiplying equation (2.1) by w* (the complex conjugate of w) and integrating the

resulting equation over the vertical range of z, we get
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1 1 1 1
jw*(Dz -a’) (D’ -a’ —£<1—F>)wdz = RTaz_[@ w*dZ—Rsazj s’ —R;azj.@ w*dz.
0 o 0 0 0

(2.9)

Taking the complex conjugate of equations (2.2) (2.3) and (2.4) and using the resulting equations
in equation (2.9), we get

jw*(D2 —a) (D —a’ - L= F))wdz = —Rrazje (D= a?) - p*|o*dz + Rsazrlj;zﬁ{(Dz _a?)-

o
L *
+R; aerJ.¢2|:(D2 _az)_p_i| ¢2 *dz.
T
0

2

(2.10)
Integrating equations (2.10) by parts a suitable number of times, using either of the boundary

conditions (2.5)-(2.8) and one of the following inequalities

2
D"y| dz, (2.10")

1 1
[y *D*y dz=(-1"]
0 0
where,

w=0=¢, forn=0,1andy =w, forn=0, 1, 2,

we have

j‘szwf + 2az|Dw|2 + a4|w|2 sz + p(l — F)j QDW|2 + az|w|2 )dz
0 0

o

1 1 *
R [[Def +aloP)+ p'l0f - R’ [[( Do valdf)+ Ll
0 0 1
1

Rz, [[(IDg] +a’lg,[)+ Zf Yoz 2.11)

0

Equating the real and imaginary parts of equation (2.11) equal to zero and using p, # 0, we get

b
T

}zﬁ
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1
UD w{ +2a |Dw| +a |w| )dz + p’ J.QDWF + a2|w|2)a’z
0

o —

1 1
—RT012_|.QD0|2 + a2|t9|2) + pr|9|2 ldz + Rya® 2'1_[ |D¢1 |¢1|2) + I;r ¢1|2 laz
0 0 1
1
+ R’ 7, [[( (D[ + @l ) + ff o kz=0
0 2
(2.12)

and

1 1 1
*wf)dz + Rya’ [|6f dz - Rya [|4] - Ria® [|.dz =0 (2.13)
0 0 0

—~
—
|

0
Multiplying equation (2.13) by p,and adding the resulting equation to (2.12), we have
1
I(‘Dzwf + 2az|Dw|2 + a4|w|2 sz
0
1 1
- R’ [ (1D<9|2 +a’|of) Jz+ Rea’ 7, [[( [Dg] + @l [) bz

0

o 2 o R Zpr(l—F)l 2 o
+ Rsa sz[( |D¢2| +a |¢2| ) ]dz +TI|DW| +a |w| )dz =0
0

0

0

(2.14)
Equation (2.13) implies that
(1 — F) 1 ) ) . . 2 foe
= wi)dz < Ry’ [|g[ dz+ Rya® [|] dz (2.15)
0 0
Since w,6,@,,@, vanish at z= 0 and z = 1, therefore Rayleigh-Ritz inequality yields
1 1
[Ipw"dz > 2 [[w"az (2.16)
0 0
1 1
[|p6dz> 7 [|6] dz (2.17)
0 0
1 1
[|Dg|"dz> 7 [|4)|" az
0 (2.18)

0
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1 1
[|Dg,|"dz > 7 [ || dz
0 0 (2.19)

Combining inequalities (2.15) and (2.16), we get
( 7’ +a’ )(I—F)1

2 21 1 1
dz+ Z T 1wl dz < Ry @ *dz +R.a’ ¢ *dz
P [er LUy O T

or

2 2 1 1 2 21 !
(( 7’ +a )(I_F)“Wrdz_Rsa2I|¢1|2dzJ+(ﬁ2J;a [ |w|2—R;a2I|¢2|2dszO
0 0 0

20 0

which implies that

(#+d )(1 Fj|m4d<Raj|¢l| dz (221)

2 2
T +a

and
20

1 1
[ M* <Rrya’[|p,[ az (2,22)
0

0

Also upon using inequalities (2.18) and (2.19) respectively, we have

1 12
Rsa* [(D4|" +a’|p|") dz 2 (x* + a®) Rya® [|] dz
0 0 (2.23)

1 L2
Rya® [(Dgy| +a*||*) dz = (z* + a®) Rya® (|, dz
. 0 (2.24)

Combining inequalities (2.21) and (2.23), we have

Ry o !QD¢1|2 g pex T EOUEE) Jife,

(2.25)

and combining inequalities (2.22) and (2.24), we get
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1 2 242 1
R; azjﬂmﬁzf s azz‘(l i ).”w|2dz. (2.26)
0 0

Further, utilizing Schwartz inequality, we have

1 2

iQWz‘)zdzIQDMZ);dZ 2 __(i)‘ ‘W*DZWWZ = j)‘|Dw|

1
dz > E2I|W|2d2
0

(using(2.16))
which on simplification yields
1 2 1 5
JUDZVV‘ ) > 7r4j|w|
0 0 (2.27)

Inequality (2.16) together with inequality (2.24) yields

j(‘Dzw‘z +2az|Dw|2 +a4|w|2)dz > (7[2 +a2)2j|w|2dz
0 0 (2.28)

Multiplying equation (2.2) by the complex conjugate of equation (2.2) and integrating the

resulting equation over the vertical range of z, we get

(0 ~a2)- )6 (02 ~a?)- p ¥} <]z = [rrwa:

0 0

Integrating the above equation by parts an appropriate number of times and using either of the
given boundary conditions, we get

2
0% ~a?¥l +2p, [(DOF +a?(o i+ of [l = [’
0 0 0

0 (2.29)

Since p, > 0, therefore from equation (2.29), we have

2 2

| D*—a® )| dz+ p2119 dzslwzdz (2.30)
JI | d=-+|of* |6l d= < [|w
0 0 0

Also emulating the derivation of inequalities (2.24) and (2.25) we derive the following inequality
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2
h( D*~a? | dz= the\ +2d°|D0 +a* |0 dz > (2 + a2)2j|¢9|2dz
0 0 0

(2.31)
Using inequality (2.28) in equality (2.27), we get
2 .2 L2
(z2 +a?f {1 +ﬁ] £|9| dz < QM dz (2.32)
Now,
1 1
jQDef va?lof’ iz = ~[ox(D*-a*lp
0 0
< j|9|\(D2 ~a* ldz
0
1 > 1 >
|l e - |
0 O (using Schwartz inequality)
B R
: (72'2 +a2)2 {14_ (”2 +a2)} '([|W| “
(2.33)

(using inequalities (2.28) and (2.29) )

Making use of inequalities (2.25), (2.26), (2.28) and (2.33), equation (2.14) yields

1 R,a’ 1 v a* ) (g, +1, 1= F) |
(ﬁ2+a2)2£|”‘42d2— 2 : ;.(|).|W|2dz+ (7 +a )2(2716 ) )Z|>.|W|2dz+
(7[2+a2 1+ |p|
(7r2+a2)z
L2
+M(ﬂ'2 +a2).[|w| dz <0
o 0
(2.34)
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Since, p, 2 0, it follows from inequality (2.34) that

(71'2+a2)z(1+( Z'1"'72 )(1 F j-ﬂwl dz — RTa2 .i.|w|2dz <0
0

1
(71'2 +a’ |1+ 7|p|2 :
(7:2 + az)z

1

(( T, +1, )(1F)+20](7r2+2a2)3{ (ﬂ‘p‘ ] <R,.

20 a +a)z

or

(2.35)

2 2 4

. - - +a . . . . .

Since, minimum value of # with respect a’ is R it follows from inequality
a

(2.35) that

(( T, +1, )(1—F)+20'j277z { \p\ ] <R

20 4 (72' +a)z

or

{ (ﬂ‘i‘a )Z] 277(( Tl+ifT§1—F>+2a)(=M)

(2.36)

Therefore, we have
p| < (2 +a> Nm? 1 (2.37)
|2

2
; L ; )2 ] > 1, therefore it follows from inequality (2.35) that
+a

Further, since |1+ |—
[ (=

20 R.a’

2 +a)< 238
( ) (< T, +7, ><1—F>+20')(7r2+012)2 ( )
2
Now, the maximum value of % with respect to a’ is— ! , therefore inequality (2.38)
(72'2 +a ) 4z’

yields
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2, 2 R;o
2.39
(7[ o )< 27[2(rl+72+20') (239

Using inequality (2.39) in inequality (2.37), we get

R.oNM? -1

2712(( T, +7, ><1—F>+20')'

1P| <

This completes the proof of the theorem.
Theorem 1 from the point of view of hydrodynamic stability theory may be stated as:

The complex growth rate p = p. +ip, of an arbitrary oscillatory perturbation of growing
amplitude ( p, 20) in triply diffusive convection problem of viscoelastic fluids lies inside a
semi- circle in the right-half of the p_ p.- plane whose centre is at the origin and whose radius is

R,oVM? -1

27[2(< T, +7, ><1—F>+20')'

Corollary 1. If (p, w, 6, ¢), p =pr T 1ipi, pr = 0 p, #0 is a non -trivial solution of
equations  (2.1)— (2.4) together with one of the boundary conditions (2.5)-(2.8) with,R; >0,
R¢>0 R'¢>0andM <1 ,thenp, <0 .

Proof. Follows from Theorem 1.

Corollaryl implies that oscillatory motions of growing amplitude are not allowed in triply

diffusive convection problem if M (: e (< : +8§T>O<-l - F> " 20)} <I.

3. CONCLUSIONS

In the present paper, triply diffusive convection problem of viscoelastic fluids is considered. The
investigation of triply diffusive viscoeastic fluid layer with one of the components as heat with
diffusivity xis motivated by its interesting complexities as a thremosolutal or double diffusive
phenomenon which has its importance in various fields such as high quality crystal production,
oceanography, production of pure medication, solidification of molten alloys, exothermally

heated lakes and magmas. The analysis made brings out the following main conclusions:
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(1)  The complex growth rate p = p. +ip,of an arbitrary oscillatory perturbation of growing
amplitude ( p, = 0) in triply diffusive convection problem lies inside a semi- circle in the right-

half of the p, p,- plane whose centre is at the origin and whose radius is

R.oNM* -1

272'2(< T, +7, ><1—F>+20')'

(i1)) The oscillatory motions of growing amplitude are not allowed in triply diffusive

. . &R, 0
1 fM _ T 1.
convection problem i [ 277[4« T, +1, ><1—F>+20)] =
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